We consider the wetting transition on a planar surface in contact with a semi-infinite fluid. In the classical approach, the surface is assumed to be solid, and when interaction between solid and fluid is sufficiently short-range, the contribution of the fluid can be represented by a surface free energy with a density of the form Φ(ρ S ), where ρ S is the limiting density of the fluid at the surface.
Introduction
The phenomenon of surface wetting is a subject of many experiments. They have already been used to determine many important properties of the wetting behavior for liquids on low-energy solid surfaces 1 . To gain a theoretical explanation of the phenomenon of wetting, a generalized van der Waals model is often used 2 .
In the 1950's Zisman 3 developed an experimental method of characterizing the free energy of a solid surface by the measurement of the contact angle with respect to the liquid-vapor surface tension and by changing the test liquid.
More recent measurements done by Li and all 4, 5 improved the understanding of this problem. While the contact angle and surface tension are macroscopic quantities, they have their origin in molecular interactions.
In the following, we use a mean-field theory to investigate how the surface energy is related to molecular interactions. The approximation of mean field theory is too simple to be quantitatively accurate. However it does provide a qualitative understanding and allows one to calculate explicitely the magnitude of the coefficients in our model.
In 1977, John Cahn 1 gave simple illuminating arguments to describe the interaction between solids and liquids. His model is based on a generalized van der Waals theory of fluids treated as attracting hard spheres 6 . It entailed assigning to the solid surface an energy that was a functional of the liquid density "at the surface"; the particular form Φ(ρ S ) = −γ 1 ρ S + γ 2 2 ρ 2 S of this energy, where ρ S is the fluid density at the solid wall, is now widely known in the literature and is due to Nakanishi and Fisher 7 . It was thoroughly examined in a review paper by de Gennes 8 . To account for the wetting behavior of liquids on solid surfaces, one needs to know Φ(ρ S ); a major object of the present paper is to obtain explicit formulas for the coefficients γ 1 and γ 2 , expressing them in terms of the parameters in assumed microscopic interaction potentials.
Three hypotheses are implicit in Cahn's picture.
i) For the liquid density to be taken to be a smooth function ρ(z) of the distance z from the solid surface, that surface is assumed to be flat on the scale of molecular sizes and the correlation length is assumed to be greater than intermolecular distances (as is the case, for example, when the temperature T is not far from the critical temperature T c ).
ii) The forces between solid and liquid are of short range with respect to intermolecular distances.
iii) The fluid is considered in the framework of a mean-field theory. This means, in particular, that the free energy of the fluid is a classical so-called "gradient square functional". The point of view that the fluid in the interfacial region may be treated as bulk phase with a local free-energy density and an additional contribution arising from the nonuniformity which may be approximated by a gradient expansion truncated at the second order is most likely to be successful and perhaps even quantitatively accurate near the critical point 6 . Some numerical calculations based on Cahn's model and comparison with experiments can be found in the literature 2,9 .
The aim of this paper, as was stated, is to obtain the values of the different coefficients of the expression of energy due to the interaction between a solid wall and a liquid bulk. These values are associated with intermolecular potentials of the liquid and the solid wall. They take into account the molecular sizes and finite range of interactions between the molecules of the liquid and the solid. The value of coefficients γ 1 and γ 2 are positive. Consequently the γ 1 term describes an attraction of the liquid by the solid, and the γ 2 term a reduction of the attractive interactions near the surface. In fact, the calculation leads to a more complex functional dependence than the one given by Cahn, Nakanishi and Fisher or de Gennes 1,7,8 . The energy of the wall takes into account not only the value of the density at the wall but also the gradient of density normal to the wall. This should be more accurate when the variation of density is strong with respect to molecular sizes. The density of the liquid ν 1 is chosen depending on three coordinates x, y, z. The direction to the wall is associated with z, and near the wall, the density may be chosen to be a function only of z. In fact such an assumption does not simplify the calculations. In our expression, the energy smoothly depends on x, y and allows continuous variations of density along the wall. The connection with Nakanishi-Fisher expression is not affected by this more general hypothesis. We denote by E S the new expression of the wall energy.
The calculation may be extended to more complex cases: for example to the case of a liquid mixture in contact with a solid wall. We propose a general expression of the energy density at the solid surface. We note that the distribution of the concentrations of the components may be influenced by a solid wall effect.
Description of the solid-fluid interaction in mean field approximation
In regions of a fluid where the density ρ in nonuniform, the intermolecular potentials produce a force on a given molecule that may generate surface tension effects 6, 10 . Using classical molecular theory, it is possible to obtain a system of pressure and capillary tension that is mathematically equivalent to the stress tensor of a continuum model 6, 11 . Such a description does not take into account the possibility of interaction of the liquid with the solid wall (when the distribution of density varies strongly in the direction normal to a solid surface). These effects constitute the subject of the present paper.
The effects are illustrated in Figure 1 and are described below. We consider a flat solid wall. The approach is aimed to describe the interaction of a macroscopic surface with a bulk fluid. The so-called "hard sphere diameter" of the molecules is denoted by σ for the fluid and τ for the solid. Then, the minimal distance between solid and liquid molecules is δ = 1 2 (σ + τ ).
In mean-field theory, we represent by ψ(r) the intermolecular potential between two molecules of the fluid and respectively χ(r) the potential between a fluid molecule and a wall molecule at separation r. The density of molecules at a point depends on its coordinates x, y, z, but the masses m 1 and m 2 of each molecule of the liquid and solid are assumed to be fixed. The energy corresponding to the action of all molecules of the liquid and the solid on a given molecule 1 located in 0 (see Figure 1 ) is Denoting by ν 1 dω 1 the number of molecules of fluid in the volume element dω 1 and ν 2 dω 2 the number of molecules of solid in volume element dω 2 , the potential energy resulting from the action of all molecules in the medium on molecule 1 located in 0 may be expressed in a continuous way:
where Ω 1 and Ω 2 are the domains occupied by the liquid and the solid.
Potential energy W 0 will be summed over all the molecules of the liquid. So, the first integral is counted twice in the previous integral over the domain Ω 1 occupied by the liquid. In such a condition, we have to consider only the expression
for the potential energy W 0 .
Let ν 1 (x, y, z) be an analytic function in each point M (x, y, z) of the liquid.
In the next derivation we replace at the point (0, 0, 0) ν 1 with its Taylor expansion in variables x, y, z limited to the second order. Such an assumption means that the forces between the solid and the liquid are of a short range. This is similar to the expansion given by Rocard 11 . This means that ψ(r) is a rapidly decreasing function of r. Then, it is only necessary to know the distribution of molecules at a short distance from molecule 1. This case reflects the reality when the main force potentials decrease as r −6 with the distance. So, the potentials decrease very rapidly from the solid wall. The distribution of density inside the solid is assumed to be uniform. We write this expansion: If we note ρ 1 = m 1 ν 10 and ρ 2 = m 2 ν 2 the densities in the liquid at point (0, 0, 0) and inside the solid wall, we obtain
In Eq. (5), h represents the distance between the molecule 1 and the solid wall, ∆ is the Laplace operator and ∆ T is the Laplace operator tangential to the wall. Details of the calculation are given in Appendix 1.
Notice that the last two terms may also be written in the form
(6) The energy density per unit volume at point 0 is E o = ν 10 W 0 .
In fact, this result is independant of the reference point. If we denote E the energy per unit volume at any point M in the liquid, we obtain
Expression (7) yields
The constant b appearing in the ρ 1 ∆ρ 1 term denotes the covolume of the liquid as in the van der Waals equation 11, 12 .
The corresponding energy of the fluid is
where E is given by Eq. (8) .
To take into account the kinetic effects like in Rocard 11 , p. 392, we must add the terms corresponding to kinetic pressure to the value of W . The first term Kρ 2 1 yields the internal pressure. Now, we calculate the different values of coefficients in Eq. 8 in a special case of London forces.
Calculations of the energy of interaction in the case of London forces
It is now possible to calculate the value of W for the particular interaction potentials. For example, one can take (see Appendix 2) ψ(r) = − k r n−1 and χ(r) = − µ r n−1 (10) In the case of London forces one has 10 n=7.
In fact this rough approximation is valid only at short range from the wall (hypothesis ii). Following the calculations in Appendix 2, we obtain that the two integrals in the B term are of the order of 1 h ; moreover,
Integrals associated with Eq. (9) 
Terms ρ S , ∂ρ S ∂h , ∂ 2 ρ S ∂h 2 denote values of ρ 1 and its normal derivatives at the solid wall.
This means ρ
∂h 2 ) S . Now we make the important assumption that the variations of ρ 1 take into account several molecular ranges. Hence, δ d can be considered as a small parameter. It implies that the first derivative of ρ 1 with respect to h is on the order of ρ 1 d , the second derivative of ρ 1 is on the order of ρ 1 d 2 . Then, the B term can be removed from the integration of E. Consequently, in the calculation of the surface energy in Eq. (4), the second derivative terms may be removed (but not in the calculation of the bulk energy of the liquid associated with K(ρ Keeping terms up to the first order in Eq. (8) yields
Then, the energy of the fluid is
We note that
and the Stokes formula yields
Here Σ notes the surface of the solid wall corresponding to the boundary of Ω 1 . As it was said in paragraph 2, to take into account the kinetic effects, we must add to energy W 1 the terms corresponding to kinetic pressure.
The first term Kρ 2 1 yields the internal pressure, and consequently
denotes the internal specific energy. Term ρ 1 α(ρ 1 , η) is the bulk internal volume energy as a function of ρ 1 and of the specific entropy η in the liquid. Let us note that
Then, a straighforward calculation yields the energy of the liquid in the well known form
but with
Here, γ 4 ∂ρ 2 S ∂h means 2ρ S γ 4 ∂ρ S ∂h , and
S is the form of the special energy to be added at the solid surface to obtain the total energy of the liquid. In expression (15), the γ 1 term (favoring large ρ S ) describes an attraction of the liquid by the solid. The γ 2 term represents a reduction of the liquid/liquid attractive interactions near the surface : a liquid molecule lying directly on the solid does not have the same number of neighbors that it would have in the bulk. The terms with the coefficients γ 3 and γ 4 also describe a reduction of the liquid/liquid attractive interactions due to the lack of molecules of the liquid near the wall (in the case where ∂ρ S ∂h is positive).
Expressions (15) and (16) do generalize the results by Nakanishi and Fisher 7 : Expression (15) contains terms (the first two) similar to the expression given by Nakanishi and Fisher, but we find additional terms associated with γ 3 and γ 4 . Additional terms are the correction of the two first terms. Our main interest is to obtain values of coefficients of the energy of the wall as a function of the properties of molecules and to take into account variations of density at the wall strong enough with respect to molecular sizes.
Extension to the case of liquid mixtures in contact with a solid wall
Here we propose an extension of the above theory to the case of liquid mixtures. This example is for a binary mixture, but there is no reason one could not include more species in the mixture.
The hypotheses are the same as in the case of one-component liquid. The only difference will come from the interaction of molecules of the two liquids.
An adaptation of the previous calculations yields the following results. The potential energy resulting from the action of all molecules in the medium on molecule 1 of liquid 1 located in 0 is
This energy is only for one species in the liquid. To determine the whole energy, one must first sum over all molecules of species 1 and then do an analogous summation over the molecules of species 2. Potential energy W 10 will be summed over all molecules of the liquid mixture. In this way the contribution of the liquid-liquid integral, W 10 , will be counted twice in the previous integral over the domain Ω 1 .
We have denoted by m i , the mass of the molecule of fluid i (i ∈ {1, 2} ), ψ 1 and ψ 2 are the potentials of interaction between molecules of fluid 1 with themselves and among molecules of fluid 2, ψ 3 is the potential of molecular interaction between the two fluids, χ i (i ∈ {1, 2}) are the intermolecular potentials of fluids with the solid wall, and ν i (i ∈ {1, 2, 3} ) denote the number of molecules in liquids and solid wall per unit volume.
Then, following the procedure of section 2, we obtain :
where σ i (i ∈ {1, 2}) is the diameter of molecule of liquid i. We may also repeat the same calculation for E 20 associated with the second component of the mixture. As for a simple fluid, we may take into account the kinetic effects and the internal energy of a nonhomogeneous mixture as in Fleming et al 14 . Then, we obtain the following additional energy at the solid surface for the liquid mixture in the form
All the coefficients γ ij can be calculated explicitly after the particular form of interaction potentials was chosen. For example in the case of London forces, the values of coefficients related to the densities of the two fluids at the surface are
where ρ 3 is the density of the solid, µ i are the coefficients associated with potentials χ i , i ∈ {1, 2}, k i is associated with potentials ψ i , i ∈ {1, 2, 3} and
, 2} are the minimal distances between the solid and molecules of the two species of the mixture.
Such an expression allows one to estimate the influence of a solid wall on each component of a fluid mixture. Depending on the values and signs of different coefficients γ ij , one can estimate the magnitude of the attraction or repulsion effects due to the wall. Placing the fluid mixture in contact with specially chosen solid walls may be an efficient way to separate constituents of a molecular mixture.
Conclusion
The energy of a fluid in contact with a solid wall contains a contribution from the solid which may be represented by a surface density function. For a flat wall we obtain this expression by taking into account not only the density of the liquid at the surface but also its normal derivative. All the numerical values of the coefficients of the surface energy functional are calculated in terms of the parameters of molecules in solid and liquid. This energy characterizes the behavior of the surface in contact with the fluid in the wetting transition. The method may be extended to the case of nonflat solid surfaces which is important in catalysis chemistry.
Appendix 1.
Calculation of the value of E in Eq. (8) To obtain the formula for E given in Eq. This integral is associated with the energy of interaction between molecules in the liquid. Let us denote by S(0, h), the domain occupied by the sphere centered at (0, 0, 0) and with radius h (see Figure 1) . We introduce (r, θ, ϕ) the spherical coordinates associated with the center of the sphere. Then,
Let us note than for any integers p, q, r, and any boundary Σ of a sphere centered at (0, 0, 0) and radius r, If we take now the origin of the z-axis at the solid wall and change the orientation in such a way that 00 ′′ = h, we obtain that z + h is a constant for a given molecule. Hence, we get
Then, E = 2πρ Now, using direct integration, we obtain the values of the coefficients given in Eq. (8) . Since now ψ(r) = − k r n−1 , χ(r) = − µ r n−1 , and n = 7
we obtain
